We show that the class of sofic actions is closed under direct products and contains a (non-unique) maximal element in the weak containment order. For any sofic group we construct nice sofic approximations such that all the sofic actions are approximable by them in a doubly-quenched way. We use recent result by Hayes to establish for these sofic approximations the equality of sofic measure entropy to the topological one for algebraic actions whenever the former is not −∞. We also use his another result to establish the product formula for Pinsker factors of these approximations.
Introduction
The notion of weak containment was introduced by Kechris in the book [K10] in the context of cost theory of Borel eqiuvalence relations. It turned out to be a very fruitfull concept. It is known that this pre-order has a maximal element(see [GTW06] and [K10] ). It was proved by Abert and Weiss [AbW13] that Bernoulli actions are minimal in the class of free actions. In the work [S16] Seward introduced the notion of weak containment for joinings and used it in the context of so-called Rokhlin entropy. Another notion we will work with is the notion of sofic action. In the groundbreaking paper [B10] Lewis Bowen have defined so-called sofic entropy, the notion realiant on mimicking of a given acion over so-called sofic approximation(which is a finite approximation of a group). An action which could be approximated in such a way is called sofic action. It was already known that weak containent has something to do with soficity. It is a folklore fact that an action weakly contained in the sofic action is sofic itself. Carderi in [C15] connected this notion to the soficity of action relative to given sofic approximation, namely he showed that action is approximable by given ultralimit sofic approximation iff it is weakly contained in the ultraproduct action of this sofic approximation. In the work [BTD17] Bowen an Tucker-Drob have studied the space of so-called stable weak equivalence classes.
In this work we will firstly show that product of two sofic actions is also sofic (theorem 4.2). We then show that there is a (non-unique) maximal element in the class of sofic actions of given sofic group with respect to the weak containment order (theorem 4.5) we will call it a universal sofic action. We then define a maximal sofic approximation to be any sofic approximation which approximates some (and hence any) universal action. In the theorem 4.6 we show that any sofic action will be aprroximable by it in a nice fashion (without need to taking subsequences). Afterwards we recall the notion of doubly-quenched convergence introduced by Austin in [Au16] . In the theorem 4.8 we prove using result of Austin that any sofic action admits a doublyquenched approximation, the situation called by Hayes "strong soficity", with respect to maximal sofic approximation. In works [H16a] , [H16b] he showed that strong soficity of an action with respect to given sofic approximation has a lot of interesting consequences. In the section 6 we show how our results are combining with theorems of Hayes from [H16a], [H16b] . It is a an important problem to understand whether for algebraic actions topological sofic entropy equals to the measure-theoretic one (then we endow this action with the Haar measure). In the corolary 6.1 we use the result from [H16a] to show that for maximal sofic approximations this equality holds whenever the measure-theoretic entropy is not −∞. We also show in corolary 6.2 that a product formula for Pinsker factors holds for maximal sofic approximations .
We study the class S of sofic groups all of whose actions are soficin the section 5. By a simple argument and using well-known result that all the treable actions are sofic (see [EL10] , [Pa11] ), we show that all the treeable groups (groups admitting an essentially free treeable action) belong to this class. We also show that this class is closed under taking subgroups.
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Measures and Kantorovich distance
Let G be a countable group. We will fix an arbitrary enumeration of its elements (γ i ) i∈N .
For a standard Borel space X we will denote M(X) the set of all the Borel probability measures on X.
For a probability space (X, µ) let us denote MALG(X, µ) the space of all the measurable subsets endowed with the symmetric difference distance.
Let (X, r) be a compact metric space. We denote l -the Kantorovich distance on M(X) defined by
there infimum is taken along all the couplings ξ of measures µ 1 and µ 2 . It is known that the Kantorovich distance defines the weak* topology on the space M(X).
Let f be a map between two metric compacta X and Y . If f does not increase distance then the induced map on measures does not increase the Kantorovich distance.
A convention on metrics.
1. If metric for the space is explicitly stated then this is it.
2. If the space has the form M(X) for X a compact set with specified metric then we endow it with the Kantorovich distance.
3. If the space has the form X V there V is a finite set and metric for X is specified somehow then we will define metric on X V by
4. If the space has the form X G and for X the metric is specified then we define the metric by
5. All the finite sets we will endow with the discrete metric (1 for distinctive element and 0 otherwise).
Obseravables
All the actions of countable groups on probability spaces will be measure preserving if otherwise is not stated.
Let us fix a measure preserving action of countable group G on the standard probability space (X, µ). An observable is any measrable map f : X → A where A is a finite space. We denote Obs(X, µ, A) the space of observables from X to A. We will endow it with the metric: for f 1 , f 2 ∈ Obs(X, µ, A) it will be defined as
. We will also denote the action if needed: distr T (f ).
Lemma 3.1. The map distr is continuous.
Proof. It is enough to prove that measure of any cylinder set depends continuously on f . We can see that for any cylinder subset C of A G the map
Let V be any set. Let A, B be any finite sets. Let π be a map from B to A. We will denote π V : B V → A V to be the map defined naturally by applying π coordinate-wise. We will define a tower of observables to be the sequence of observables f i : X → A i together with the maps π i,j : A i → A j such that for any i < j holds (π i,j • f i )(x) = f j (x) for µ-a.e. x ∈ X and that for any i < j < k we have π j,i • π k,j = π k,i . We will say that the tower is sufficient if for any observable f : X → B and ε > 0 there is an index i and a map π ′ : A i → B such that observable π ′ • f i is ε-close to f . We note that it is easy to construct a sufficient tower of observables on the standard probability space.
We will say that p.m.p. action of G on (X 1 , µ 1 ) is weakly contained in the p.m.p. action of G on (X 2 , µ 2 ) if for any observable f 1 : X 1 → A and any ε > 0 there is an observable f 2 : X 2 → A such that distr(f 2 ) is ε-close to distr(f 2 ).
Sofic groups and sofic actions
For a finite set V we will denote Sym(V ) the group of all its permutations. We will endow it with the normalised Hamming distance:
Let G be a countable group. A sofic approximation S is a sequence of finite sets (V i ) together with a sequence of maps (σ i ), σ i : G → Sym(V i ) (we will use the notation σ i : g → σ g i ) satisfying two properties:
A group is said to be sofic if it has at least one sofic approximation. Let σ be a map from G to Sym(V ) for some finite set V . Let X be any set. We define a map θ v,σ :
We will denote Θ v,σ the map from M(X V ) to M(X G ) defined by equality
We will omit σ in the notations above if it is clear from the context. Let S = ((V i ), (σ i )) be a sofic approximation. Let G be acting on the the standard probability space (X, µ). We will say that this action is S-weakly approximable if for any observable f : X → A there is a growing sequence (i j ) of natural numbers and a sequence (τ j ), τ j ∈ A V i j such that lim j→∞ Θ(δ τ i j ) = distr(f ).
It is not hard to see that We will say that this action is S-approximable if for any observable f :
We will say that action is sofic if it is S-weakly aproximable for some sofic approximation S of the group G.
For fixed sofic group G we will say that the map σ :
It is not hard to see that we can reformulate now the requirements from the definition of sofic approximation in the following way: for any natural k there is such i 0 that for any i > i 0 we have that σ i is k-good.
It is easy to see that an action G (X, µ) is sofic iff for any f : X → A and for any natural k there is a k-good map G → Sym(V ) for some finite V and an element τ ∈ A V with Θ σ (δ τ ) being 1/k-close to distr(f ).
Let (f i ), f i : X → A i be a sufficient tower of observables on (X, µ). Then an action T of G on (X, µ) is sofic iff for any natural k we have that there is τ ∈ A V k and σ : G → Sym(V ) -such a k-good map(for some finite V ) that Θ σ (δ τ ) is 1/k-close to distr(f k ).
Lemma 4.1. Any sofic action T of sofic group G on a standard probability space (X, µ) is S-approximable for some sofic approximation S.
Proof. We fix a sufficient tower of observables (f i ), f i : X → A i and take
It is not hard to see now that for any natural j < i we have that Θ σ i (δ π V i i,j (τ ) ) is 1/i-close to distr(f j ). Hence our action is approximable with respect to constructed sofic approximation.
Theorem 4.2. Direct product of two sofic actions of sofic group on standard probability spaces is a sofic action.
Proof. Let T ′ , T ′′ , be two sofic actions of G on standard probability spaces
It is not hard to see that this tower of observables is sufficient. Suppose T ′ is S ′ -approximable and T ′′ is S ′′ -approximable for some sofic approximations
We now consider the sequence (
It is a sofic approximation indeed and we can check that
This implies that T ′ × T ′ is S ′ × S ′′ -approximable and hence sofic.
Lemma 4.3. Inverse limit of sofic actions is sofic.
Proof. Let T be an action of G on a standard probability space (X, µ), let (A i ) be a an increasing sequence of G-invariant subalgebras whose join is the whole algebra of measurable sets on X. Suppose that all the corresponding factors are sofic. Fix any observable f : X → A and a natural k. We can find such a close observable f ′ : X → A that it is A i -measurable for some i and that distr(f ′ ) is 1/(2k)-close to distr(f ) (by lemma 3.1). Since factor corresponding to A i is sofic, we can find a k-good map σ : G → Sym(V ) for some finite V and τ ∈ A V such that Θ σ (δ τ ) is 1/(2k)-close to distr(f ′ ). We have now that Θ σ (δ τ ) is 1/k-close to distr(f ). This implies that T is a sofic action.
Lemma 4.4. Countable product of sofic actions is sofic.
Proof. It's a direct consequence of two previous lemmata.
We are now ready to prove that for any countable group there is a universal sofic action which weakly contains any other.
Theorem 4.5. For any sofic group G there is such a sofic action T that any other sofic action is weakly contained in it.
Proof. The proof is completely analogous to that of the fact stating the existence of weakly maximal action among all the actions of the given group (see [GTW06] , [K10] and [BuK16] . Of course we will need the previous lemma. For every natural i let A i be a set of size i. We now consider the set D i of all such measures µ on A G i that there is a sofic action T on some standard probability space (X, µ) and an observable f : X → A i that µ = distr T (f ). We now pick a countable dense set of measures from this set and for each measure take a corresponding action. We now proceed like this for all the natural i which gives us a countable collection of sofic actions. Their product will be sofic by the previous lemma. It is easy to check that any sofic approximation is weakly contained in this product.
We will call any such action from the previous theorem a universal sofic action. Sofic approximation S is called maximal if any universal sofic action is S-approximable.
We now show that maximal sofic approximation approximates any sofic action.
Theorem 4.6. If S is a maximal sofic approximation for sofic group G then any sofic action is S-approximable.
Proof. Any sofic action is weakly contained in a universal sofic approximation which is S-approximable. Hence any action is S-approximable.
We note that our definition of S-approximable action is rather strong and does not allow for taking subsequences to approximate.
We will say that an action T of group G on (X, µ) is S-strongly sofic if for any observable f :
and for any ε > 0 the sets
This kind of convergence condition is called doubly-quenched convergence and it was introduced by Austin in [Au16] . We will need the following theorem from his work. For action T and a natural n we will denote T n the product-action of the same group.
Theorem 4.7 (Austin, [Au16] ). Let S be a sofic approximation and T be an action. If for any natural n we have that T n is S-approximable then T is strongly sofic with respect to S.
Theorem 4.8. Let S be a maximal sofic approximation for a sofic group G. Then any sofic action of G is strongly sofic with respect to S.
Proof. We note that if action T is sofic then T n is sofic for any natural n by the theorem 4.2. It implies that T n is S-approximable for any natural n. Hence it is S-stronly sofic by the theorem of Austin.
Class S
The class S was defined in by Paunescu in [Pa11] to be the class of all the sofic groups such that all the m.p.t. actions of these groups are sofic. He also discovered some properties of this class.
Let T be an m.p.t. action of group G on the standard probability space (X, µ). Consider correspondent orbit equivalence relation ∼. Consider any collection (ψ i ) of partial Borel maps (i.e. defined on a Borel subset) from X to itself such that their graphs are subsets of an equivalence relation ∼. This sequence will be called graphing if induced graph is such that for almos every x ∈ X and every y ∼ x we have that x and y are connected via the graph induced by the collection (ψ i ). This graphing is called treeing if this graph is acyclic. An action relation is called treeable if its equivalence relations admits a treeing. A countable group group is called treeable if it admits an essentially free treeable action.
Theorem 5.1. Class of treeable groups is subset of S.
Proof. Take any actions T . Take any essentially free treeable action T ′ . Their direct product will be essentially free and treeable. Hence it is sofic (see [EL10] and [Pa11] ). So T is a factor of sofic action, hence it is sofic.
Theorem 5.2. Class S is closed under taking subgroups.
Proof. Let H be a subgroup of G ∈ S. Let T be an action of H. Consider a co-induced actionT of G. It is sofic. We note that induced actionT of H will be sofic and it is isomorphic to the product of |G : H| copies of T . Hence T is a factor of sofic action and hence it is sofic.
Applications
Let X be a metrizable compact topological group and let T be an action of countable group G on X by continuous automorphisms. Such an action is called an algebraic action. It could be endowed with the Haar measure, it is easy to see that this measure is presserved by this action. We refer the reader to [H16a] for the definition of sofic topological and measure entropy. Corolary 6.1. Let us fix a maximal sofic approximation. Then for any algebraic action we will have that measure sofic entropy of this action endowed with the Haar measure is either −∞ or equals to the topological entropy. If acting group belongs to S then we have equality for maximal sofic approximations without additional conditions.
Proof. If measure entropy is not −∞ then we have that algebraic action endowed with the Haar measure is sofic (we note that if acting group belongs to S then this is always the case). Hence it is strongly sofic with respect to our approximation (theorem 4.8). By the theorem 1.1 of [H16a] its measure entropy equals to the topological entropy.
